
Lecture 3

Bottleneck Analysis:

• From Little’s Law we know for closed systems:

E[R] =
N

X
− E[Z]

• Let Dmax denote the maximum demand across all devices

• Let D denotes the sum of all demands across all devices

• Then best case scenarios for E[R] and X are

E[R] ≥ D, X = 1/Dmax

• Subbing these bounds into the previous formula gives:

X ≤ max(
1

Dmax
,

N

D + E[Z]
)

and
E[R] ≥ min(D,NDmax − E[Z])

• When designing systems we usually want to maximize throughput and minimize response
time. This often times is not feasible since these metrics are in direct competition. There-
fore we look for a reasonable configuration. That is, we aim to have a number of users,
N∗, such that the response time is reasonably low, and the throughput is reasonably high.
This value is when the asymptotes intersect.

N∗ = (D + E[Z])/Dmax

Simulation

• See the website for some base simulation code

• Never simulate in real time, simulate in discrete time. That is, determine the next event,
move the clock forward/update the system state, repeat.

• When generating a random variable from a distribution with pdf f(x), derive F−1(x) and
call it on a randomly and uniformly generated variable between 0 and 1

Discrete Time Markov Chains

• Consider a very simplistic view of the Web. That is, assume there are only three web
pages A, B, and C. Let the relationship be as follows:

– If you’re on webpage A, the next page you visit is B w.p. 1/3 and C w.p. 2/3

– If you’re on webpage B, the next page you visit is C

– If you’re on webpage C, the next page you visit is A w.p. 1/2 and B w.p. 1/2
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This can be viewed as a discrete time Markov chain. (DTMC)

• Informally, a stochastic process is a random variable which is a function of time (it actually
doesn’t need to be time but often times it is).

{X(t)}t>0

• For example a stochastic process could be W (t) which denotes which webpage we’re on at
time unit t in our model above.

• A stochastic process is thought of as a chain if it takes on discrete/countable values, i.e.
A B or C, number of jobs in the system, etc. In other words, if we can think of the values
of a stochastic process as states, it’s a chain.

• We call a stochastic process Markovian if its future behaviour depends only on its present
behaviour and not on its past behaviour i.e. if tn+1 > tn > tn−1 > ....t1 > t0

P (X(tn+1) = xn+1|X(tn) = xn, X(tn−1) = xn−1, ..., X(t1) = x1, X(t0) = x0))

= P (X(tn+1) = xn+1|X(tn) = xn)

• Our webpage example is Markovian since we only care about the webpage we’re currently
on to determine the webpage we will go to next.

• We can encode our DTMC’s behaviour in what’s call a transition matrix P . For our
example the the matrix is:

P =

 0 1/3 2/3
0 0 1

1/2 1/2 0


Here, P(1,3) is the probability that if we’re in state A in one time step we move to state
C w.p. 2/3

• Also Pn(1, 3) would be the probability that we go to C in n time steps given were in state
A

• Usually we are interested in steady state behaviour, that is, the probability of being in a
certain state as t→∞. We can denote these values using Pn as n→∞. But how do you
actually calculate them?

• You can approximate the values by letting n get large, but it can be computationally heavy
and not satisfying (or impossible with infinite states)

• There’s a better way, let πi denote the steady state probability of being in state i, and let
π = [π0, π1, ..., πk]

• Then
πP = π

There’s intuition for this, but it’s not obvious. If you’re interested in the proof, check the
textbook.
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