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Question 1. [10 marks]

Part (a) [1 mark]

Jobs arrive to a system following a Poisson process with rate 5 jobs/s. It has been 5s since the last job
arrived. How much longer would you expect to have to wait before the next job arrives to the system?

0.2s

Part (b) [2 marks]

Describe in plain English what an M/M/1 queue is.

An infinite queue with a single server where jobs arrive following a Poisson process with rate λ and job
processing times are exponentially distributed with rate µ.

Part (c) [1 mark]

Let X be a random variable which is exponentially distributed with rate 1. What is P (X < 1)

1− e−1
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Part (d) [1 mark]

What system has better overall performance? An M/M/2 queue with λ = 1 and µ = 0.5, or an M/M/1
queue with λ = 1 and µ = 1?

The M/M/1 has better performance.

Part (e) [2 marks]

What is the expected number of jobs in an M/M/∞ system with µ = 8 and λ = 120?

120/8 = 15

Part (f) [3 marks]

You manage a system with three devices. All three devices have equal demands of 50ms. It is estimated
that users have an expected think time of 1min. What would you recommend for the number of users to
be supported by the system?

D = DmaxN
∗ − Z

N = (150 + 60000)/50 = 1203
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Question 2. [5 marks]

You’re asked to simulate a system with a single server and an infinite queue. The simulation also allows
the user to choose the underlying distributions for job sizes and time between arrivals, as well as their
respective rates/means.

Once you have written and completed your code, how would you test that your simulation framework is
correct? That is, what simulations would you choose to run to gain confidence in your solution? Give at
least three simulations you would run, as well as any expected results/behaviours of your simulation. Each
of your three simulation suggestions should be testing sufficiently different cases.

There are many things you could do, here are a few:

• Let the interarrival and service times be exponentially distributed. Then you can check against
M/M/1 equations.

• Make the system unstable. Make sure things like the response time doesn’t converge

• Create a lightly loaded system, the response time should be close to the service time.

• Make things completely deterministic, which allows you to analyse the system

• etc.
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Question 3. [5 marks]

Below is the graph representing a simplistic version of the internet with only seven different webpages.
Using the PageRank algorithm seen in lecture and used on the assignment, determine the ranks of each
webpage. That is, solve the steady distribution of the DTMC.

Hint: You should NOT try to solve the system of seven equations directly. Knowing how PageRank and
DTMCs work, make a few simplifications first.

By inspection we know π1 = π6 = π7 = 0.

Then we get the system of equations:

π3 = (1/2)π2 + (1/3)π5

π4 = (1/3)π5

π5 = (1/2)π3

1 = π2 + π3 + π4 + π5

Which yields:

π2 = 1/3

π3 = 2/5

π4 = 1/15

π5 = 1/5
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Question 4. [5 marks]

A closed system behaves as follows. When a user makes a request they first go to the CPU node, from
the CPU node their request completes and goes back to the user node with probability 0.05, otherwise it
goes to the Disk node. After completing at the Disk node, the request always goes back to the CPU. The
expected service time at the CPU and Disk nodes are 30ms and 40ms respectively.

You have $50 dollars to spend to improve the system. You can decrease the expected service time at the
CPU by 1 ms for each dollar spent, and you can decrease the expected service time at the disk by 0.5 ms
for each dollar spent. How to you spend your money?

Let x be the amount spent on the CPU.

VCPU = 20, VDisk = 19

DCPU = 20(30− x)

DDisk = 19(40− 0.5(50− x))

600− 20x = 285 + 9.5x

x = 10.68
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Question 5. [7 marks]

Jobs arrive to an infinite capacity queue following a Poisson process with rate 8jobs/s. Job processing
times are exponentially distributed with rate 10jobs/s. Every job that has to wait in queue before getting
served costs $1. To have a server operating it costs $c/min.

You wish to minimize costs and must decide whether to operate the system with one server, or two servers.
For what range of c would you choose to use two servers? For what range of c would you choose to use
one server?

Let C1 and C2 be the cost/min of the MM1 and MM2 system respectively.

C1 = c+ 480ρ = c+ 384

C2 = 2c+ 480(1− π0 − π1) = 2c+ 109.68

c = 274.32

Page 7



CSC 498 S Midterm Spring 2020

Question 6. [8 marks]

Consider a system with an infinite capacity queue where jobs arrive following a Poisson process with rate
λ. The system has two servers, each of which processes jobs following a exponential distribution with rate
µ. The first server always operates, however, the second server only operates when there are T or more
jobs in the system. Assume T ≥ 2.

Part (a) [2 marks]

Draw the continuous time Markov chain.

See your notes for the diagram.

Part (b) [3 marks]

Give a mathematical equation for πi in terms of π0. You do NOT need to give an equation for π0.

πi =

{
(λ/µ)iπ0 i < T

(λ/µ)T (λ/2µ)i−T+1π0 i ≥ T

Part (c) [5 marks]

Give a closed form expression for the expected number of jobs in the system, E[N ]. You may leave your
answer in terms of π0.

E[N ] =

∞∑
i=0

iπi

=

T−1∑
i=0

i(λ/µ)iπ0 + (λ/µ)T−1π0

∞∑
i=T

iρi−T+1

=

T−1∑
i=0

i(λ/µ)iπ0 + (λ/µ)T−1π0

∞∑
i=0

(i+ T )ρi+1
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Use this page for rough work, clearly label which questions things correspond to.
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